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Abstract

The sound field due to a supersonic elliptic jet is
studied by direct integration of the propagation equa-
tions. Aerodynamic predictions are based on numerical
solution to the compressible Navier-Stokes equations in
conservative law form, with a k-¢ turbulence model. In
the high frequency limit, the sound field is described by
eigenrays that link the source of noise to an observer
in the far-field. We assume that noise is dominated by
fine-scale turbulence. Using methods derived from acous-
tic analogy, source correlation terms are simplified and a
model is derived that relates jet noise intensity to the 7/2
power of turbulence kinetic energy. Local characteristics
of the source such as its strength, time- or length-scale,
and convection velocity are derived from mean flow pre-
dictions. Numerical results are compared with data for a
Mach 1.5 elliptic jet as well as for a round jet. The study
suggests that three-dimensional directivity of noise for
jets of arbitrary geometry may be predicted with reason-
able accuracy when refraction by mean flow gradients is
properly accounted for.

Nomenclature
a,b length of semi major and minor axes
Qoo freestream sound speed
a(X) local sound speed
C(X) normalized sound speed
D., area equivalent jet diameter
k turbulent kinetic energy = %;0; /2
M Mach vector
Di component of phase normal p
s arc length
T turbulence intensity =7;v;/3
U source convection velocity
U; jet exit velocity
v; fluctuating velocity component
€ dissipation rate of kinetic energy
= v(8v;/0X;)(0vi/0X;)
o polar observer angle
(s momentum thickness
&1,&2 elliptic coordinates

* Senior Research Engineer, Member ATAA.
t Research Engineer, Member AIAA.

p density

T time-delay of correlation

oo azimuthal observer angle
w, observer and source frequencies
Subscripts

0 source location

00 far field

1. Introduction

Jet exhaust noise during takeoff and landing con-
tinues to be a leading environmental barrier in develop-
ment of the future High-Speed Civil Transport (HSCT).
Mechanical suppressors may result in unwanted engine
size and performance penalty for the level of noise re-
duction required for HSCT certification. Fundamental
aerodynamic and acoustic tests accompanied with flow
and noise prediction studies are underway in the hope of
advancing insight into noise generation and suppression
mechanisms.

Theoretical models based on Acoustic Analogy or
Linear Inviscid Instability Wave Model! have been suc-
cessful in predicting exhaust noise for simple round noz-
zles under a wide range of operating conditions. In
addition, new numerical algorithms tailored specifically
for aeroacoustics problems are currently under develop-
ment that will attempt to predict jet noise from first
principles?. However, because of the complex issues in-
volved, Computational Aeroacoustics (CAA) is not ex-
pected to mature into a practical engineering tool in the
near future.

In the absence of shock associated noise and screech,
turbulence mixing noise is considered to be the main con-
tributor to the noise of high speed jets. At subsonic
and lower supersonic speeds, small scale turbulence is
regarded as the primary acoustic source. These sources
are described as multipole sources that convect down-
stream and emit sound that may be refracted by mean
flow gradients®. As jets becomes highly supersonic, large-
scale structures or instability waves of the flow® become
increasingly more active. In the present study, we as-
sume that fine-scale turbulence is the source of jet noise.
It is known that computation of source correlation terms



according to the Acoustic Analogy approach will require
exact knowledge of the time-dependent flow fluctuations.
However, it is possible to resort to simplifying assump-
tions, as suggested by Ribner® and to approximate source
correlations from mean flow considerations. As such,
for quasi-incompressible isotropic turbulence, the source
strength will relate to the 7/2 power of turbulence ki-
netic energy®. Consequently, a full Reynolds-averaged
Navier-Stokes solver with a k-¢ turbulence model” will
be employed to predict the mean flow and time averaged
turbulence properties.

Section 2.1 describes a methodology for estimation
of the source strength and turbulence scales needed to
predict the spectra. In section 2.2 we focus on the high
frequency geometric acoustics and sound/flow interaction
of non-axisymmetric jets. A system of six propagation
equations are solved numerically in a rectangular coor-
dinate system. We map the CFD solution to a uniform
grid, i.e., a grid independent of the streamwise direc-
tion, and apply a three-dimensional spline interpolation
on flow parameters of interest. Mean flow gradients are
computed readily from the ensuing spline coefficients as
the numerical solution of refraction equations proceed
along rays of geometric acoustics.

Section 2.3 presents the aerodynamic predictions
and data for a shock-free Mach 1.5 aspect ratio AR=2:1
elliptic jet as well as a convergent-divergent round nozzle
operating at similar conditions. Acoustic predictions are
compared with data in section 2.4. Here, we examine
sensitivity of the predicted zone of silence with respect
to mean flow predictions. The predicted sound direc-
tivity demonstrates that noise on the major axis side is
several dB’s lower than the minor axis side of the ellip-
tic jet, in good agreement with data. We discuss some
shortcomings in spectral predictions that might relate to
source modeling. In addition, the elliptic jet is averaged
azimuthally and Balsa’s® closed-form solution for an ax-
isymmetric jets is applied to predict the noise. This is
followed by discussions and conclusions in the final sec-
tion.

2. Method of Solution

A variety of solutions based on the Analogy ap-
proach have been suggested in the literature and used
with various degrees of success®°~12. With a compact
eddy approximation, the solution is essentially a Fourier
transform of space-time correlation function, integrated
over the entire jet volume. Availability of unsteady
flow solutions should, in principle, make it possible to
compute correlation functions of various order and ori-
entation. Today’s computational capabilities, perhaps,
should encourage this effort, at least, for a selected num-
ber of source volume elements within the jet. The im-

mediate benefit would include assessment of a number
of simplifying assumptions that have traditionally been
employed for source modeling. For the present work,
however, we follow an approach based on separability of
space-time correlation and rather focus on refraction and
shielding of non-axisymmetric geometries.

2.1 Source Description

As described previously, any attempt to integrate
the source correlation function over the jet volume would
require modeling of these functions. Reference 6 outlines
a procedure used in the present study and we briefly dis-
cuss some of the more important steps. Roughly speak-
ing, various regions of turbulence of size £, commonly
referred to as an eddy volume element, radiate sound to
far-field that may be summed up for all regions of the jet
if the correlation volume elements radiate independently.
In addition, acoustical compactness which allows for the
use of elementary solutions like simple sources to model
complex sources of sound such as quadrupoles requires
that wf/ac be small. This condition requires that the
r.m.s. velocity fluctuation be small relative to ambient
sound speed!® | i.e., < v? >1/2/aoo & 1, which makes
the turbulence length-scale small relative to the acoustic
wave length. It should be noted that the compactness
condition is not that restrictive and may hold true even
at moderate Mach numbers. Assuming that noise is dom-
inated by fine-scale turbulence, contributions from the
self-noise term, in absence of refraction and convection,
is shown to be due to a fourth-order space-time corre-
lation function vjvjviv}. As is usually done, the above
term is expressed as a linear combination of second-order
correlations v;v}. This is followed by the space-time sep-

aration given as v;v; = Ri;({)g(r), where { and 7 are
the separation vector and time-delay respectively. For
homogeneous isotropic turbulence, Batchelor'* suggests

a space function of the form
R5(©) = TUS + 561065 — 5F66i/ (1)

Details of f(¢) are provided in Ref. 15 and are not re-
peated here. A Gaussian function is normally selected
for the time-factor part as g(7) = ezp(—72/72), with 7,
representing the characteristic time-delay of the corre-
lation. It was shown (Ref. 6) that 7, may be derived
from the ratio of kinetic energy of turbulence k and its
dissipation rate ¢ as 1/7, ~ ¢/k. Noise spectra due to a
unit volume of turbulence, and arising from the source
correlation term vy vy v{v] may be written as

3 2 kd 4 —107222
= = 5
I111(2) SﬁpOk (Qr,)e” & . (2)
A Doppler factor relates source frequency €2 to the ob-

server frequency w. Contributions from other source cor-
relation components I;jx¢ are expressed similarly®.



2.2 Sound/Flow Interaction

In a high frequency approximation, it is normally as-
sumed that the acoustic wave length is shorter than the
characteristic length of the mean flow. For high speed
jets, this approximation can be used effectively to pro-
duce the more energetic part of the sound spectra and
for Helmholtz numbers (fD/as) as small as one (see
Tester and Morfey!?). When a parallel flow approxima-
tion is invoked, refraction of jet noise through a sheared
mean flow of arbitrary geometry may be formulated as
a two-dimensional geometric acoustic problem?!®. It is
argued!” that for high speed flows, jet spreading may
play a significant role in defining the size of cone of silence
which is formed in the neighborhood of the downstream
jet axis. In such cases, flow spreading may be accounted
for by formulating a three-dimensional ray-acoustic prob-
lem. Thus, as acoustic energy, released from each finite
volume of turbulence propagates out of the shear-layer,
its spreading is inferred from the area of a ray-tube sur-
rounding that ray.

For an inviscid flow governed by linearized gas dy-
namic equations, the coordinate X of the emitted sound
at any point s along the ray is determined from a set of
six equations!”

dX; ..
—E:: lJPJ+MI/C Z)J=1’213
dp; 1 _BT}k _ o ,M; 19 _2
and
T;j = &i; — MiM;
_uXx _oX)
M(X) = 2X)’ CX)= o (3b)

Vector p is normal to the phase front and M; denotes
the component of the Mach vector M. Equations (3)
are solved numerically subject to initial conditions as-
sociated with the source location and direction of emis-
sion. Let unit vector X = (cos p, sin pcos §, sin p sin 6)
denote the direction of emission at the source, and sub-
scripts o and oo refer to source and observer locations
respectively, then

X=X, at s=0
- - 1. M
Po = AX + (/\X -M - E)E, (4(1)
where .
r=[2+X-M)7 /C (4b)
F=1-|M.

As rays emerge from the shear layer, they become
straight and the ray speed A approches one. For every set

of radiation angles (g, §) a pair of angles (6o, $oo) may
be calculated from equations (3). Variation of the ray-
tube area is then expressed as the Jacobian of the trans-
formation, i.e., | (00, #oo )/, 6) |. It is shown!?19
that the far-field mean square pressure directivity for
a convecting quadrupole source of strength Qi;(f2) be-
comes

—5— _ Pooloo 2 e QisPiBi \2 gﬁ_ﬁ
PQ:'J'O((47rR)Q(|P|2 Jol p°)><

%
(1- g:' 'po)2(1 - %: 'poo)2 sin u 1
(1- %: “Po)®

)
()

where U, is the source convection velocity and w is the
observer frequency related to source frequency €2 as

Ye  po). (6)

Goo

sinfeo | £ ga"‘ﬂ;w |

w=/(1-

For an isotropic quadrupole source, Qi;pip; = Qo | P 2.
If source spectral power density Q? is replaced with
T1111/9* from (2), the directivity pattern is found as

v a 7 —(Qry)? a%
P, e (b e
(1- %: -Po)’(1 - %: ‘Peo)? | sinp 1

g (5 Bomdm) |
(1- 2= po)® szn0w|_(§zu_,¢6i)_2|

(7)
Roughly speaking, when the difference between U, and
U, is small, and assuming that U, is negligible, the
directivity pattern scales as (1 — %: -Po) 2 outside the
zone of silence. Near and within the boundary of zone of

relative silence, the factor (3%)/| 8(6co, $00)/ (i, 6) |
alters the above directivity and results in concentration
of noise near the boundary of zone of silence, i.e., a sharp

peak followed by a rapid decay into the zone of silence.

2.3 Aerodynamic Predictions

Flow predictions were made with the NPARC
Navier-Stokes code and with a recently installed®® low
Reynolds number k-¢ model of Chien?!. The conical and
elliptic jets considered had an exit area of 1.571 in? each,
with aspect ratio of AR=2:1 for the elliptic jet. Both
nozzles are operated at the design pressure ratio of 3.67
and 564° R total temperature to give exit Mach num-
ber of 1.5. Some aerodynamic and acoustic data?? were
available for validation. Because of symmetry, only one
quarter of the elliptic jet is modeled. The major and mi-
nor axes are planes of symmetry modeled with NPARC’s
slip wall boundary conditions. A grid having 121x91
points in axial and radial directions and 25 points in cir-
cumferential direction was selected. The domain of the



grid includes 10 diameters into the nozzle and up to 70
diameters downstream of the exit plane.

It is convenient to introduce elliptic coordinates &;
and £, with

y = E1cos €2, z = (&1/p) sin&a, z==z, (8)
where z is the streamwise direction. The above coordi-
nates maintain a constant aspect ratio of p = a/b, with an
area element dA = (£;/p)d€1d€2 (see figure 1a). Within
one quarter of the elliptic jet, the azimuthal angle ¢, mea-
sured from the major axis, is equally divided over 25 grid
points and relates to elliptic angle &; as tan; = ptan ¢.
Two-dimensional views of the elliptic grid for major axis
plane zy and spanwise plane yz are shown in figures 1b
and lc.

Compressible flow solvers like NPARC have diffi-
culty converging slow flow or stagnant air regions. To
help convergence, the surrounding air (at rest in exper-
iment) was set to an inflow total pressure that provides
a 0.1 ambient Mach number. With a slip-type boundary
condition for the surrounding flow, the predicted center-
line velocity decay is shown in figure 2a. In the exper-
iment, centerline velocity was supersonic out to 14.2D
for conical flow and to 11.2D., for the elliptic jet, in-
dicating several diameters reduction in the supersonic
core-length from round to elliptic nozzle. The NPARC
ke prediction with the above boundary condition (re-
ferred to as solution-A hereafter) gives supersonic core
length of 13.3D and 12.7D,, respectively. A second pair
of solutions (solution-B) was obtained by extending the
grid farther out in the spanwise direction and using a
free-type boundary for the surrounding flow. Here, the
ambient Mach number may be reduced to zero without
convergence difficulties. The new centerline velocity de-
cay (figure 2b) gives supersonic core lengths of 11.9D
and 11.3D,, for round and elliptic jets. Although the
elliptic jet appears to show improved agreement with
data, the difference in supersonic core length between
the two nozzles is still not as dramatic as the data indi-
cate. The aeroacoustic predictions that follow are based
on solution-B, unless specified otherwise.

Velocity profiles along the major and minor axes of
the elliptic et are shown in figures 3a and 3b respec-
tively. Comparison with data of Seiner?? demonstrates
good agreement along the minor axis plane. However,
the major axis predictions appear to underestimate the
spreading rate. A similar conclusion may be drawn from
the axial distribution of momentum thickness defined for
compressible flows

[TV _ Y
o= [ pat-wm @

where subscript ¢l denotes the centerline values. The
predicted momentum thickness (figure 4a) shows little
difference along the major and minor axes near the exit.
A more pronounced difference is observed downstream
where thickness along the major axis shows a slightly
faster growth rate. The round nozzle momentum thick-
ness in figure 4a is in agreement with the elliptic jet’s
minor axis. Data of figure 4b indicates that momentum
thickness is nearly equal along both axes over the length
of the potential core and starts to grow at a faster rate
along the major axis near the end of the core. Notice
that the round nozzle momentum thickness, shown here
for a design Mach number of 2.0, is in agreement with the
general behavior along the minor axis as was concluded
from predictions of figure 4a.

The initial distribution of momentum thickness has
been used in the past?®24 as a length-scale for the ini-
tial turbulent shear layer. The strength of shed vortic-
ity around the periphery of the nozzle has been linked
to the azimuthal variation of momentum thickness. Ac-
cording to figure 4b, distortion of the jet column starts
near the end of the core and there is little distortion
within the core. In linear inviscid stability analysis of
supersonic elliptic jets?>2%, it is argued that the low-
est order azimuthal mode, commonly referred to as vari-
cose or axisymmetric mode, governs the stability of a
shock-free supersonic jet. This mode is believed to reach
maximum amplification near the axial location where the
rapid growth of major axis momentum thickness occurs,
and decays thereafter.

Turbulence intensity profiles along major and mi-
nor axes of the elliptic jet are shown in figures 5a and
5b. Here the percent turbulence is defined as 100 x
(vivi/3)}/2/U;. Both figures indicate a maximum level
in the neighborhood of the jet lip-line and an exit value
of 11.3%, that will gradually increase to 12.5% at about
5D., and decays farther downstream. The centerline
value is zero within the core to about 6D, and will rise
to 3.4% at 7.3D,, and 8.7% at 10.7D.,. Although the
existing modifications®® in NPARC allow for turbulence
kinetic energy input as an inflow boundary condition, the
predictions within the core remain insensitive to the spec-
ified inflow values. Experiments should be performed to
verify turbulence predictions.

2.4 Acoustic Predictions

Computation of sound pressure level directivity
(SPL) and spectra is carried out according to equation
(7). At each finite volume of turbulence AV, the source
strength k7/2 and characteristic time-scale 7, are de-
rived from the NPARC ke solutions according to 1/7, =
a(e/k). Constant a is selected empirically and source
convection velocity U is expressed as weighted average



of exit and local velocities Ug = 0.5U, + 0.3U;. For
an observer frequency w , the corresponding source fre-
quency € is calculated from equation (6), where po de-
notes the normal to the phase front at the source. At
selected observer coordinates (R, foo, #c0), the source
radiation angles (¢, §) and the corresponding phase nor-
mal p, are found by solving (3) and (4) numerically as a
boundary-value problem. Once the missing initial values
are found, they may be used as a first guess for the neigh-
boring source volume element and the process continues.

In order to integrate the propagation equations, a B-
spline interpolation of the CFD solutions is carried out
in three dimensions

Neg Ney Ne
E Z Z Cnme Bn,k,,t, (x) Bm,kgl ey (El)x
t=1m=1n=1

Bl,kg,,ig, (62) = f(z,ﬁl,fz)- (10)

Tensor coefficients Cnme may be found for each flow pa-
rameter of interest by solving (10) as a system of simulta-
neous equations applied to data points (z, &1, &2, f). BHere
kz, k¢, and kg, are the orders of spline , ¢, t¢, and ¢,
are the corresponding knot sequence in z, §; and &, direc-
tions respectively??, and By ¢« denotes the n-th B-spline
of order k with respect to knot sequence t. It should
be noted that the above process assumes a uniform grid,
i.e., one independent of the streamwise direction. To this
end, a postprocessing of the CFD solution may be neces-
sary. This is usually done by selecting a common span-
wise grid structure, say one defined at X/D,, = 10.0, and
consequently mapping the flow field to this grid at each
streamwise location using a two-dimensional B-spline in-
terpolation. Once spline coefficients Chme in equation
(10) are determined, the directional derivatives become
readily available at any point within the jet.

It is known that refraction results in a zone of silence
for the high frequency noise. The zone of silence, denoted
as 0*(X,), and measured from the jet axis, is defined as
the smallest polar angle that may receive acoustic signal
from a source. This angle is found at each source location
X, by solving equations (3) subjet to initial conditions
(u, 6) = (0, 0). Obviously, for off-axis sources, a com-
plete refraction may be achieved with a small value of
cone angle p if 6 is such that sound is directed towards the
centerline. This may explain the observed smooth transi-
tion of SPL directivity into the zone of silence. However,
the peak directivity level for a selected source is in the
very neighborhood of 6*.

Figure 6a shows the boundary of zone of silence for
sources located on the major axis plane, x-y, of the el-
liptic jet. The source axial location is indicated as the
parameter X,/Deg. It is clearly seen that for the most
part, more energetic segments of the jet, i.e. sources near

the lip-line Y,/a = 1.0, radiate primarily in direction of
@* = 50°. This is consistent with the reported directivity
for the high Strouhal number noise for Mach 1.5 elliptic
jet. The effect of the ambient Mach number M = 0.1
on the refraction angles is shown in figure 6b as a reduc-
tion in shear and hence a reduction in refraction angle
by nearly 8 degrees. The corresponding SPL directivity
is expected to show a similar shift in angle relative to
the static case. Sensitivity of the zone of silence with
respect to azimuthal source location is shown in figure 7.
Generally speaking, the flow asymmetry will result in an
increase in the size of cone of silence as the source moves
azimuthally closer the minor axis.

As a first approximation, the elliptic jet was mass-
averaged azimuthally. Predictions are on a 12 foot side-
line. The sound pressure level directivity for an equiv-
alent axisymmetric jet as well as a Mach 1.5 conical jet
are shown in figure 8a. Here, the high frequency solu-
tion to Lilley’s equation in cylindrical coordinates com-
bined with a parallel flow assumption® is used to assess
the sound/flow interaction. For non-axisymmetric flows,
azimuthal measurements normally show lower noise on
the deep side of a jet, such as the major axis of the el-
liptic jet. In addition, the jet asymmetry will usually
result in enhanced mixing and help decay the core veloc-
ity and therefore reduce noise. Our numerical prediction
did not indicate a significant increase in centerline ve-
locity decay as discussed earlier in figure 2b. However,
the predictions of figure 8b appear to shows favorable
agreement with data. This is conceivably the result of
artificial mixing that is achieved by circumferential aver-
aging of the flow. No data was available for the conical
nozzle at this point, however, based on data reported
at higher temperatures®®, it is anticipated that the con-
ical nozzle is at least as noisy as the minor axis side
of the elliptic jet. Shown in figure 9a are the spectral
measurements along the major axis plane of the elliptic
jet. Generally speaking, data indicate a shift in spectral
peak to higher frequencies with increasing polar angle
f... Predicted spectra based on high frequency solution
to Lilley’s equation (figure 9b), however, do not seem to
follow a similar trend. It is conjectured that this may
be associated with simplistic replacement of the fourth-
order space-time correlation functions.

To assess the general directivity, a matrix of five po-
lar angles 6, = 50° to 110°, in increments of 15°, and
four azimuthal angles o = 0° to 90°, increments of 30°
is selected. The spherical directivity of noise for this el-
liptic jet as predicted with a 3DGA approach is shown
in figure 10a. Azimuthal directivity, for the most part,
shows 2 dB lower noise on the major axis side, in good
agreement with data of figure 8b. Predicted zone of si-
lence, however, appears larger than measurements. This



is primarily due to the absence of low frequency noise in
the present calculations, which is known to make a sig-
nificant contribution near the jet axis. In addition, an
accurate prediction of the mean flow profiles can have a
significant bearing on refraction angles. This was illus-
trated earlier when comparing figures 6a and 6b. Had
we selected solution-B (with M, = 0.1), the cone of
silence would have been smaller by 8 degrees. The spec-
tral distribution, figure 10b, shows relatively small low
frequency content. This is an indications of the failure
of the present approach when it is pushed to the low
frequency limit. Low frequency sound from moving mul-
tipole sources in axisymmetric shear flows (see Ref. 29)
may be extended to arbitrary geometries to produce the
lower end of the spectra. The predicted shift in spectra
with polar observer angle remains consistent with earlier
prediction for the equivalent axisymmetric jet, and using
Balsa’s approach. This may again confirm our stipula-
tion on the need for an improved source modeling.

Finally, in figure 11 we demonstrate the spherical
directivity for a typical elliptic ring source along the lip-
line, i.e., £&1/a =1, and at X/D.; = 6.3. Selected source
location corresponds to a region of relative high turbu-
lence. This figure suggests that the basic azimuthal pat-
tern of jet noise may be captured readily by selection of
appropriate source elements within acoustically active re-
gions of the flow and without a need for complete volume
integration.

3. Concluding Remarks

The present paper provides a methodology for the
prediction of noise from noncircular jets. The calcula-
tions employ a full 3D geometric acoustic approach to
assess the spherical directivity of noise from a shock-free
turbulent jet. Predictions assume that noise is generated
by small scales of motion and is dominated by the high
end of the spectra. Other approaches need to be com-
bined with the ray-acoustics in order to predict the lower
end of the spectra. Accurate prediction of the mean flow
parameters, such as the jet spreading, centerline veloc-
ity decay, turbulence level and its dissipation rate are
the first step requirements for the present noise predic-
tions. Contributions from large-scale coherent structures
may be accounted for via a linear inviscid stability anal-
ysis. Stability type analysis, however, is highly geometry
dependent and has been fully explored in Ref. 26 for an
elliptic geometry assuming a simple representation of the
mean velocity profiles.

As discussed, a revisit of the turbulence correlation
function for the purpose of source modeling and valida-
tion is appropriate at this point. Despite this needed
improvement, ray acoustic approach as presented here,
sheds light on the importance of the mean flow interac-

tion and the role it plays in shaping the directivity of jet
noise.
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